In this paper we discuss the global symmetries and the renormalizibility of Lee-Wick scalar QED.
I. INTRODUCTION
Recently an extension of the standard model (SM) [1] based on the ideas of Lee and Wick (LW) [2, 3] has been proposed as a solution to the hierarchy problem. The LW SM features higher-derivative kinetic terms for each SM field. This gives rise to propagators that fall off with momentum more rapidly than the ordinary SM field propagators, thereby reducing the degree of divergence of loop diagrams. On the other hand higher covariant derivatives also introduce new momentum dependent interactions, which raise the degree of divergence of quantum fluctuations. Power counting arguments [1] show that these two competing effects conspire to make all loop diagrams at most logarithimically divergent. If the scale associated with the higher derivative terms is of the order of the electroweak scale then the latter becomes stable against radiative corrections: no quadratic divergences are present at any order in perturbation theory, and no unnatural fine-tuning of parameters is required to hold the Higgs vacuum expectation value fixed at v = 246 GeV.
The higher-derivative kinetic terms in the LW SM result in propagators with more than one pole. In N = 2 LW theories [4] there is only one higher derivative kinetic term for each field, corresponding to two-pole propagators. In the N = 2 LW SM the lighter pole corresponds to a SM state, while the heavier pole corresponds to a new LW ghost state with the same quantum numbers and negative norm. The poles associated with the LW fields lie on the physical sheet in the complex p 2 plane. This is dangerous, since the presence of ghosts in the in and out states of the S matrix would lead to a violation of unitarity. In order to avoid this scenario, the LW ghosts must appear only as virtual states [2] , so that the S matrix elements are only built out of physical asymptotic states. Furthermore, the integration contour in momentum integrals involving ghost propagators must be modified so as to preserve unitarity [5] . The price to be paid for these modifications is the presence of unobservable acausal effects in scattering processes [2, 6] . Phenomenological consequences and constraints on TeV scale LW ghosts have been studied in Refs [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . The LW ghost fields can alternatively be described by switching to a "auxiliary-field" form of the theory [1] , in which in addition to the SM fields there are "LW fields" with kinetic energy terms with the opposite sign from their SM counterparts. The opposite sign for the kinetic energy terms enforces the cancellations that soften the divergences in the theory. The main advantage of the auxiliary-field approach lies in the computation of loop diagrams, since aside from the overall sign the propagators are just ordinary propagators.
In this paper we clarify two issues in the auxiliary-field description of the theory in the context of a simple, but non-trivial, theory -LW scalar quantum electrodynamics (QED).
2 First, the interaction terms involving the LW fields have a very particular form, which is not the most general one allowed by gauge invariance. For example, the couplings of the LW vector fields are identical to the gauge couplings of the corresponding SM gauge fields. This equality and others are essential if the cancellations softening or removing the infinities are to hold. On the one hand, it is not clear why, a priori, this special form of the interactions should be preserved to all orders in perturbation theory. On the other hand, we know that it must be preserved, since power-counting shows that the equivalent higher derivative theory is free of quadratic divergences 3 . This note identifies approximate SO(1, 1) global symmetries of the auxiliary-field description of the theory that allow us to understand its structure. Second, we clarify the renormalizability of LW scalar QED in the presence of the massive ghost LW vector field. Because of the q µ q ν /M 2 A term in a heavy vector boson propagator (where M A is the heavy vector mass), powercounting in the auxiliary-field formalism is difficult. However, the LW vector field is not quite a non-gauge vector field, since it corresponds to a massive pole in the propagator of a higher-derivative gauge field. We will identify two SO(1, 1) symmetric gauge fixing conditions that simplify the auxiliary-field LW analysis. In one case ("ordinary"), the gauge fixing forces the q µ q ν /M 2 A terms to appear with canceling signs in the gauge-LW propagator matrix. In the other case ("no-mixing"), the gauge-fixing eliminates the q µ q ν /M 2 A term in the vector field propagators. Working in the no-mixing gauge allows us to show that the number of superficially divergent amplitudes in an Abelian gauge theory is finite, and the theory is therefore renormalizable.
Finally, to illustrate the renormalizability of LW scalar QED, we explicitly carry out the one-loop renormalization program and demonstrate how the counterterms required are constrained by the joint conditions of gauge-and SO(1, 1)-invariance. As a byproduct of these discussions, we compute the one-loop beta-functions in LW scalar QED and contrast them with those of ordinary scalar QED.
In Sec. II we introduce and illustrate the SO(1, 1) symmetries of a LW theory in the context of φ 4 theory. In
Sec. III we consider LW scalar QED and derive the equivalent auxiliary-field description. We then analyze the global symmetries of the theory and explain how these protect the form of the Lagrangian against radiative corrections. In Sec. IV we show how gauge fixing can be implemented in an SO(1, 1) invariant fashion and derive the corresponding propagators. In Sec. V we show that the number of superficially divergent amplitudes is finite, and the theory is therefore renormalizable. Then we illustrate these results at one loop by carrying out the renormalization program and computing the β-functions. Finally in Sec. VI we offer our conclusions, and we sketch why a modified approach is needed for the case of non-Abelian gauge theories.
II. LEE-WICK φ 4 THEORY
We first consider LW φ 4 theory for a complex scalar field in order to introduce the auxiliary-field formalism and the SO(1, 1) global symmetry of the model, as well as to set our notational conventions. 4 Lee-Wick φ 4 theory is defined by the higher-derivative Lagrangian
whereφ is a complex scalar field, and the Lee-Wick scaleM parameterizes the energy at which the model deviates substantially from the standard φ 4 model. As we will see,M also characterizes the mass scale of the LW ghosts, so long asm ≪M . This Lagrangian is equivalent to one in which we introduce an "auxiliary" complex scalar fieldφ ′ (the reason for the "prime" will become clear in what follows)
Making the change of variableφ
we find
The symplectic rotation
where
diagonalizes the scalar field mass terms while preserving the symplectic structure of the kinetic terms [1] . Hence we arrive at the auxiliary-field description of the LW φ 4 theory
Note that the kinetic term of theφ field has the opposite sign to the usual one, and hence the corresponding particle has negative norm and is the LW ghost field. Furthermore, the mass of the LW ghost M is, in the limitm ≪M , approximately the LW scaleM introduced in Eq. (1). This theory has an exact global U (1) symmetry, but is not the most general U (1) symmetric renormalizable Lagrangian that can be built out of the ordinary field φ and the ghost fieldφ charged under the U (1) symmetry. In particular, the six interaction terms in the second line can in principle have six independent couplings. However the dimension-four terms in Eq. (7) do have an additional SO(1, 1) symmetry, under which the fields transform as
so long as we also promote λ to a spurion field that transforms as
Furthermore, the Lagrangian of Eq. (7) is the most general renormalizable and U (1)-symmetric Lagrangian with SO(1, 1)-symmetric dimension-four terms. The different mass terms for φ andφ break the SO(1, 1) symmetry, but do so only softly. They are also the only U (1)-preserving soft terms that break SO(1, 1). Thus in the LW φ 4 theory, the global SO(1, 1) symmetry of the dimension-four terms implies that loop corrections can only modify the structure of the mass terms, introducing a mixing term between φ andφ with infinite coefficient. This can always be diagonalized via a symplectic rotation (of the form given in Eq. (5)), which leaves the rest of the Lagrangian unchanged, except for a redefinition of the coupling. Hence Lee-Wick φ 4 theory is renormalizable by power-counting.
LW φ 4 theory is rather simple, because aside from mass renormalization the theory is finite. The LW scenario is however much less trivial in LW gauge theories, because of the new momentum dependent interactions in the higher derivative formulation. In this case global symmetries are important to understand the full structure of the theory.
In the following, we will show that Abelian N = 2 LW theories have a softly broken SO(1, 1) m+1 symmetry, where m is the number of matter fields, and the remaining SO(1, 1) transformation acts on the vector fields. Since the SO(1, 1) m+1 breaking is soft, the special relation between the LW couplings and the ordinary couplings is protected against radiative corrections.
III. GLOBAL SYMMETRIES OF LEE-WICK SCALAR QED
Let us now study an N=2 LW theory of scalar electrodynamics. In the higher-derivative formulation, the Lagrangian is
The scalar sector is simply that of φ 4 theory as shown in Eq. (1), and hence our analysis of this Lagrangian will parallel the discussion of Sec. II. Introducing auxiliary fields, now for both the vector and the scalar, and using the notation described above, we see that the Lagrangian of Eq. (11) is equivalent to
to all orders in perturbation theory. Changing variables fromÂ µ ,Ã µ ,φ,φ
and substituting in Eqs. (12) and (13), gives
where now the covariant derivative is in terms of A µ ,
5 In non-Abelian theories there can be additional dimension-six higher-derivative operators, which lead to heavy vector scattering amplitudes growing like E 2 , where E is the center-of-mass energy [17] . For N ≥ 2 LW theories see, for example, Ref. [18] .
The symplectic rotation of Eq. (5) again diagonalizes the scalar field mass terms while preserving the symplectic structure of the kinetic terms [1] . Since the gauge interactions stem from kinetic terms, and the φ 4 -interaction has a symplectic structure as well, it follows that Eq. (5) only diagonalizes the mass terms leaving the rest of the Lagrangian invariant in form. In terms of φ andφ the Lagrangian now reads
where we redefine parameters as in Eq. (8) .
The Lagrangian of Eq. (18) has an exact U (1) gauge symmetry. In the limit λ → 0 the global symmetry is promoted to U (1) × U (1), because the φ andφ fields can now rotate independently, and only the diagonal U (1) subgroup is gauged. Thus we expect loop corrections to generate U (1)-symmetric terms -some with infinite coefficients -that will be U (1) × U (1)-symmetric in the λ → 0 limit. Eq. (18) is not the most general renormalizable Lagrangian with this symmetry structure; for example, the coefficients of the interactions involvingÃ µ could be arbitrary. Notice, however, that this Lagrangian can be re-arranged in the form
In the limit M A → 0, and treating the gauge coupling as a spurion field, the Lagrangian respects a global SO(1, 1) symmetry under which
As mentioned in Section II, an additional SO(1, 1) global symmetry for the scalar field arises in the limit M → m, when λ is treated as a spurion field:
In Sec. V we will argue that this theory is renormalizable, because the number of superficially divergent amplitudes is finite, and no operators of dimension greater than four are present in the auxiliary-field formulation. We may wonder whether radiative corrections require introducing dimension-four SO(1, 1) × SO(1, 1)-breaking counterterms. However, as in the LW φ 4 theory described above, the answer is no: since SO(1, 1) × SO(1, 1) is only softly broken by mass terms, 6 the SO(1, 1) × SO(1, 1)-breaking corrections to the renormalizable terms are finite. Furthermore
Eq. (19) is the most general U (1) gauge Lagrangian with dimension-four SO(1, 1) × SO(1, 1)-symmetric terms. Since renormalizability prevents higher dimensional operators from being generated, we conclude that the form of the Lagrangian is protected to all orders against radiative corrections, with the exception of the scalar field mass terms. However, as we have already seen, these can be diagonalized with a symplectic rotation, without affecting the rest of the Lagrangian. In the simple example we have shown there is only one matter field: for an arbitrary number m of matter fields the global symmetry is promoted to SO(1, 1) × SO(1, 1) m , since each field is acted on with a different SO(1, 1) symmetry transformation, and the conclusions about renormalizability persist, mutatis mutandis.
IV. GAUGE FIXING
In order to quantize the electromagnetic field, one must introduce a gauge-fixing term. To facilitate our subsequent analyses of divergences and renormalizability, we will find it most convenient to employ gauge-fixing functions that respect the SO(1, 1) symmetry; otherwise it can be unnecessarily difficult to recognize when significant cancellations occur 7 . To ensure that the symmetry will be preserved, it is sufficient to write the gauge fixing term in terms of
where ξ is the gauge fixing parameter. If one treats ξ as a spurion field, the SO(1, 1) transformation
clearly leavesÂ µ / √ ξ invariant. We will consider two different SO(1, 1) symmetric gauge-fixing scenarios that are each convenient in different circumstances, and will denote them as "ordinary" and "no-mixing" gauge fixing.
A. Ordinary Gauge Fixing
First, let us consider a gauge fixing function of the typical form G(Â) = ∂ µÂ µ . In R ξ gauge this amounts to adding to the Lagrangian the SO(1, 1) symmetric gauge-fixing term
Using Eq. (14) to rewrite this in terms ofÃ µ and A µ , one obtains
With the gauge fixing included, and after integrating by parts, the gauge field Lagrangian reads
We can invert the diagonal terms, in momentum space, to find the partial propagators
Then the full tree-level photon and LW-photon propagators, as well as the mixed propagators, can be computed by resumming the Dyson series to obtain
Notice that only the photon propagator depends on the gauge-fixing parameter ξ, since the photon is the only true gauge field in this theory. (∂ µ Aµ) 2 which leads to diagonal propagators of the form
Because the q µ q ν /M 2 A term is only present in the LW-photon propagator, there is no simple cancellation of the badly-behaved terms and the theory appears to suffer from quadratic divergences and nonrenormalizability at one loop. The reason that Ref. [1] found no quadratic divergences when computing the self energy amplitudes for a massless scalar field at zero momentum is that the quadratic divergence vanishes in the limit m → 0 and q → 0, since it is necessarily of the form Λ 2 m 2 /M 2 A or Λ 2 q 2 /M 2 A . These quadratic divergences are "gauge-artifacts" [20] in the sense that they contribute to both scalar wavefunction and mass renormalization in such a way that the pole-mass of the scalar is not quadratically sensitive to the cutoff.
Up to an overall sign, theÃ µ propagator is identical to the unitary-gauge propagator of a massive gauge boson, in a spontaneously broken gauge theory. In particular, it contains the q µ q ν /M 2 A term which would apparently render the theory nonrenormalizable and reintroduce quadratic divergences. However the photon propagator and the mixed propagators contain the same term; when the P AA , PÃÃ, and P AÃ propagators are all included in loop integrals, the badly-behaved terms cancel, and quadratic divergences are avoided. This can be seen even more clearly from the form of the P µν AÂ
propagator. Recalling that all gauge interactions depend on A µ −Ã µ =Â µ and working in Feynman gauge (ξ = 1), we obtain
which decays like 1/q 2 for large values of the momentum.
B. No-Mixing Gauge Fixing
Next, we consider the alternative 8 gauge-fixing function
Adding this to the original higher-derivative gauge Lagrangian gives, after integration by parts,
This is equivalent to
in the sense that solving the equations of motion forÃ µ and inserting the solution in (31) recovers the form of (30). At this point, we can eliminate theÂ µ field from Eq. (31) via Eq. (14); the Lagrangian will include both diagonal and mixing terms in A µ andÃ µ , and the full tree-level propagators can, again, be computed by summing the Dyson series. However for ξ = 1 the mixing term vanishes 9 , and we obtain the simpler, diagonal Lagrangian
The corresponding propagators
have no q µ q ν terms so they are well-behaved at high energies. This is equally clear if we construct theÂ propagator,
which falls off like q −4 in the ultraviolet.
We will now use the two convenient gauges introduced in this section to explore LW scalar QED at one-loop. 8 In non-Abelian theories this introduces a q 2 /M 2 A expansion in the gauge-ghost interaction, which renders it less interesting. In Abelian gauge theories, however, the ghosts are decoupled. 9 As an alternative to the ξ = 1 gauge, one could replace Eq. (14) witĥ
in momentum space. This cancels the off-diagonal terms for any value of ξ, at the price of introducing non-local interactions in coordinate space for ξ = 1.
V. ONE-LOOP RENORMALIZATION
We will start by establishing an upper bound on the superficial degree of divergence of Feynman diagrams in N=2 LW scalar QED. For specificity, we work in the auxiliary-field formulation and employ the no-mixing ξ = 1 gauge. Recalling that each loop integral introduces four powers of momentum in the numerator, each trilinear gauge-scalarscalar vertex introduces one power of momentum in the numerator, and the propagator has two powers of momentum in the denominator, we arrive at:
where L is the number of loops, P f is the number of propagators of the f field, and V gss is the number of trilinear gauge-scalar-scalar vertices. The number of loop integrals is, in turn, given by the total number of propagators (each carrying its own momentum space integral) minus the total number of vertices (each carrying a momentum-space delta function) plus one, since an overall delta function ensures momentum conservation for the external fields. Therefore, denoting the number of quartic gauge-gauge-scalar-scalar vertices by V ggss and the number of 4-point scalar vertices by V ssss , we have
Finally we can relate the number of lines attached to a vertex to the number of propagators (each connecting two vertices) and the number of external lines N f :
V gss + 2V ggss = 2P A + 2PÃ + N A + NÃ ,
where the first relation deals with gauge lines and the second with scalar lines. Inserting Eqs. (36) and (37) in Eq. (35) yields
This equation tells us that the number of superficially divergent amplitudes is finite; since no operators of dimension greater than four are present in the auxiliary-field Lagrangian, we conclude that the theory is renormalizable.
In order to confirm renormalizability explicitly and to verify how the SO(1, 1) × SO(1, 1) structure of the theory is protected against radiative corrections, we will now compute the infinite 10 part of the divergent 1PI diagrams at one loop. As a way of checking our results and exploring the detailed symmetry structure, we will compute the diagrams in both the ordinary and no-mixing gauges, with ξ = 1. As we shall see, in the no-mixing gauge only the vacuum polarization and self energy amplitudes are infinite, while in the ordinary gauge infinities also arise in the vertex corrections. Therefore, the way the counterterms preserve the symplectic structure of the theory is different in the two gauges.
A. Counterterms
Radiative corrections renormalize the fields and and mix the ordinary fields with the LW partners. This not only preserves the U (1) gauge symmetry, but also does not generate any hard breaking of the global SO(1, 1) × SO(1, 1) symmetry. Let us derive the most general relation between bare and renormalized fields satisfying these requirements. We will employ the standard QED nomenclature for the counterterms by using the subscript "3" for the photon wavefunction renormalization, "2" for the matter field wavefunction renormalization, and "1" for gauge vertex renormalization.
For the vector fields we have in general
Gauge invariance requires Z ′′ 3 = 0, lest a photon mass term be generated. Preserving the form of the symplectic combination A µ −Ã µ demands
Finally, substituting in the kinetic term Lagrangian and imposing the SO(1, 1) symmetry on the counterterms gives
Therefore the relation between bare and renormalized vector fields consistent with the symmetries of the theory is
Similarly, in order to preserve the SO(1, 1) symmetry on the scalar fields, the relation between bare and renormalized scalar fields must be a symplectic rotation times a wavefunction renormalization:
Substituting Eqs. (39) and (40) in the Lagrangian, Eq. (19) , and denoting the gauge-scalar-scalar vertex and gauge-gauge-scalar-scalar vertex renormalizations, respectively, by Z 1 ≡ 1 + δ 1 and Z
The renormalized trilinear and quartic gauge-scalar couplings are related to the bare couplings by
where gauge invariance guarantees
to all orders in perturbation theory. The renormalized mass parameters are related to the bare masses by whereas the renormalized and bare four-scalar couplings are related by
The vector field kinetic terms, in the counterterm Lagrangian, are now mixed. However it can be easily shown that these are still invariant under an SO(1, 1) transformation, provided that δ 3 is promoted to a spurion field.
We shall now prove that this set of counterterms is sufficient to absorb all infinities at one loop. In the process, the SO(1, 1) × SO(1, 1) global symmetry leads to cancellation of the quadratic divergences in the scalar field self energy amplitudes. In order to simplify our notation we will drop the subscript r everywhere, but it should be kept in mind that all fields and parameters involved in the calculations below are the renormalized ones.
B. Vacuum Polarization Amplitudes
We begin our examination of the infinite part of the divergent 1PI diagrams of LW scalar QED by computing the one-loop contributions to the vacuum polarization amplitudes for the vector fields. The relevant diagrams are illustrated in Fig. 1 , where each external field is either a photon or a LW photon. Since no gauge field propagators are involved in the one-loop diagrams, the results are manifestly gauge independent. We find
where, in dimensional regularization,
with ǫ ≡ 2 − d/2 as usual. The explicit factor of two arises from the presence of the LW scalar loops, and the remaining factor is the ordinary scalar QED contribution. Since Π µν AÃ contains no mass term, we have
The relevant counterterm contributions from the field-strength terms in Eq. (42) are
One-loop contribution to the 1PI self energy amplitude Σ φφ in the no-mixing ξ = 1 gauge. In the ordinary gauge there are also diagrams involving internal mixed gauge propagators, P AÃ .
which are precisely of the form required to cancel the infinities in Eq. (47). In the minimal subtraction scheme we obtain
C. Self Energy Amplitudes
We will calculate the one loop contribution to the self energy amplitude Σ for a scalar field in the no-mixing ξ = 1 gauge and then will repeat the calculation in the ordinary ξ = 1 gauge as a check. The relevant diagrams for the φ field, in the no-mixing gauge, are shown in Fig. 2 . Those for theφ field are obtained by replacing φ withφ; given the form of the Lagrangian (19), we expect that the contributions of the diagrams involving internal gauge bosons will change sign. The mixed self energy amplitude Σ φφ explicitly breaks the U (1) × U (1) symmetry to diagonal U (1), and must vanish in the limit λ → 0; therefore, only the diagrams with scalar loops will contribute to Σ φφ .
We begin our calculation of Σ φφ in the no-mixing ξ = 1 gauge by considering potential quadratic divergences. First, we examine the gauge-scalar diagrams on the top and middle lines of Fig. 2 . The first two diagrams correspond to the gauge-sector contribution in ordinary scalar QED, which is quadratically divergent. That quadratic divergence is canceled by theÃ diagrams, as we now demonstrate. The SO(1, 1) symmetry acting on the vector fields guarantees that: (i) the gauge-scalar-scalar and gauge-gauge-scalar-scalar couplings involving the photon and LW photon are identical (up to an unphysical minus sign in the gauge-scalar-scalar coupling 11 ), and (ii) the LW photon propagator has a minus sign, relative to the photon propagator. As a result, each diagram with an internal LW photon is opposite in sign to its counterpart with an ordinary photon, and in the UV (where the LW photon mass becomes irrelevant), there is an exact cancellation of the quadratic divergences. Likewise, moving to the diagrams in the bottom row of Fig. 2 , we recognize that the first diagram is familiar from the ordinary φ 4 theory, and is of course quadratically divergent. The second diagram exactly cancels the quadratic divergence, as the SO(1, 1) symmetry acting on the scalar fields guarantees the equality of the |φ| 4 and |φ| 2 |φ| 2 couplings, as well as the negative sign in theφ propagator.
Having established that Σ is free from quadratic divergences, we may proceed to complete the one-loop calculation in no-mixing ξ = 1 gauge. In dimensional regularization, near d = 4, the result is
Notice that there is mass renormalization but not wavefunction renormalization, as the 1/ǫ coefficients are q 2 independent in this gauge. Moreover, in the limit of exact SO(1, 1) × SO(1, 1) symmetry (where M → m and M A → 0) the self energy amplitudes vanish exactly in the no-mixing ξ = 1 gauge, because the LW and ordinary propagators are then of equal magnitude and opposite sign. The theory is still not finite, because, for example, the vacuum polarization amplitudes do not vanish. From Eq. (42) we find that the relevant counterterm contributions are of the form:
and in the minimal subtraction scheme, we conclude:
and
Inserting these results into Eq. (45) yields the following expression for the mixing angle:
Note that this vanishes in the λ → 0 limit, as expected: for λ → 0 the theory acquires a global U (1) × U (1) symmetry (with the diagonal U (1) gauged) under which φ andφ rotate independently. This prevents φ-φ mixing terms from being radiatively generated. The calculation in the ordinary ξ = 1 gauge proceeds somewhat differently because mixed gauge propagators (P AÃ ) are present. Once their effects are included, the quadratic divergences still cancel among the diagrams involving internal gauge propagators. A direct computation of the self-energy functions then yields:
In this gauge, both mass renormalization and wavefunction renormalization are present. The counterterm contributions are of course still given by Eq. (53), which have the right form to cancel the both the q 2 -dependent and q 2 -independent infinities in Eq. (57). In minimal subtraction scheme one obtains the relationships:
which lead to the same expression for the mixing angle as in the no-mixing ξ = 1 gauge, Eq. (56). However, this time, the wavefunction renormalization counterterm is
which differs from the result in the other gauge.
Since universality of the U (1) gauge coupling insures that the scalar field wavefunction renormalizations are always exactly compensated by the vertex corrections, as Eq. (44) shows explicitly, all that remains to show at one loop, is the cancellation of all SO(1, 1) breaking amplitudes in the φ 4 sector.
There are many diagrams contributing to the 1PI amplitudes with four external scalar fields. As with the self energy amplitudes, there are significant SO(1, 1) × SO(1, 1) cancellations involved. However, now that these are well understood, we can reduce the number of diagrams by using the hat-field propagators on all internal lines: theÂ propagator of Eq. (28) when working in the ordinary ξ = 1 gauge, theÂ propagator of Eq. (34) when employing the no-mixing ξ = 1 gauge, and the gauge-independentφ propagator which is constructed by summing the simple propagators of the φ andφ fields:
When we use the hat-field propagators, the expected cancellations occur within single diagrams, and are due to denominators with higher powers of loop momenta.
Let us denote by Γ f1f2f3f4 the one-loop contribution to the 1PI amplitude with external scalar fields f 1 , f 2 , f 3 , and f 4 and start by working within the no-mixing ξ = 1 gauge. As a concrete example, we will consider Γ φφφ * φ * , for which the relevant diagrams are those shown in Fig. 3 . The first two diagrams are entirely due to the φ 4 interaction, and involve only internalφ fields. These diagrams are, thus, finite by power counting, since theφ propagator decays like q −4 , at large momenta, and the vertices are momentum independent. The remaining two diagrams of the first row, as well as the diagrams of the second and third row are entirely due to the gauge-scalar interactions, which depend on A µ −Ã µ ≡Â µ . Although the gauge-scalar-scalar vertices are momentum dependent, in the no-mixing gauge all these diagrams are finite by power counting. Finally, there are the diagrams in the last two rows, which involve both φ 4 and gauge vertices. Once again these are finite by power counting in the no-mixing gauge. The same reasoning holds for all of the U (1) × U (1) symmetric amplitudes; for the U (1) × U (1) violating amplitudes Γ φφφ * φ * , Γ φφφ * φ * , and Γ φφφ * φ * , the only difference is that the diagrams involving only gauge-scalar vertices do not contribute. We conclude that the amplitudes are purely finite in the no-mixing gauge and
The situation is different in the ordinary ξ = 1 gauge. If we, again, start by considering Γ φφφ * φ * , we still conclude that the first two diagrams, which involve only the φ 4 interaction, and involve only internalφ fields are finite. The ten diagrams involving only gauge-scalar interactions are another story. Power-counting now predicts a logarithmic divergence for each of these diagrams, because of the q µ q ν /M 2 A term in theÂ µ propagator. However, we expect that these divergences must cancel against one another for symmetry reasons. Recall that the U (1) × U (1) violating amplitudes Γ φφφ * φ * , Γ φφφ * φ * , and Γ φφφ * φ * receive no contribution at all from the diagrams with only gauge vertices. Then those diagrams cannot make an infinite contribution to the U (1) × U (1)-symmetric amplitudes like Γ φφφ * φ * either, since this would correspond to a hard breaking of the SO(1, 1) symmetry acting on the scalar fields. Explicit calculation confirms that the infinities arising from the diagrams with an even number of gauge vertices (last two diagrams of the first row, and diagrams of the third row) are precisely cancelled by the infinities from the diagrams with an odd number of gauge vertices (diagrams of the second row). Therefore, the only possible infinite contribution to Γ φφφ * φ * and the other 1PI amplitudes in this gauge must arise from the diagrams in the last two rows, which involve both φ 4 and gauge-scalar vertices. Note that this implies that in the λ → 0 limit all amplitudes with four external scalar fields are finite.
Computing the φ 4 vertex correction diagrams from the last two rows of Fig. 3 in ordinary ξ = 1 gauge yields the following infinite contributions:
i Γ φφφ * φ * = i X + finite , i Γ φφφ * φ * = i 4X + finite , i Γφφφ * φ * = i X + finite , i Γ φφφ * φ * = − i 2X + finite , i Γ φφφ * φ * = − i 2X + finite , i Γ φφφ * φ * = i X + finite ,
VI. DISCUSSION
In this paper we have discussed the global symmetries and the renormalizibility of Lee-Wick scalar QED. The combination of SO(1, 1) global symmetry, U (1) gauge-invariance, and an SO(1, 1) invariant gauge-fixing condition allow us to show directly in the auxiliary-field formalism that the number of superficially divergent amplitudes in a LW Abelian gauge theory is finite. To illustrate the renormalizability of the theory, we have explicitly carried out the one-loop renormalization program in LW scalar QED and demonstrated how the counterterms required are constrained by the joint conditions of gauge-and SO(1, 1)-invariance. We have also computed the one-loop beta-functions in LW scalar QED.
It would be interesting to generalize the discussion presented here to the case of non-Abelian gauge theories.
However, this is not immediately possible. Notice that the SO(1, 1) transformation of Eq. (20) mixes a gauge field, A µ , with a non gauge vector field,Ã µ . In an Abelian theory we have the freedom to promote A ′ µ ≡ cosh α A µ + sinh αÃ µ to a gauge field for two reasons. First, the requirement that A ′ µ −Ã ′ µ transform like a gauge field gives us the freedom to choose which field should bear the transformation. Second, all gauge interactions depend solely on e(A µ −Ã µ ), which is an SO(1, 1) invariant. That these conditions are satisfied in Abelian gauge theory is perhaps not surprising, given that a massive Abelian gauge theory is renormalizable [19] .
In a non-Abelian gauge theory, however, interactions do not depend solely on g(A 
An SO(1, 1) transformation on the hat and tilde fields, and the gauge coupling, readŝ
µ ,Ã µ → sinh αÂ µ + e αÃ µ , g → e α g .
Applying this to L gauge gives
Thus the SO(1, 1) symmetry associated with the vector fields is explicitly broken by dimension-four gauge-boson self-interactions. In principle we would therefore expect the SO(1, 1) breaking to propagate to other sectors of the theory, and spoil the special relations between couplings that guarantee the cancellation of quadratic divergences. However both power-counting in the higher derivative formulation [1] and the high-energy behavior of massive vector meson scattering in Lee-Wick gauge theory [17] suggest that the number of superficially divergent diagrams remains finite and that non-Abelian LW gauge theory may be renormalizable. A more thorough understanding of non-Abelian LW gauge theories is therefore necessary in order to extend the results demonstrated here for Abelian theories. 
